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Instability of a surface of discontinuity of velocity in
a parallel uniform magnetic field

By D. D. MALLICK
Department of Applied Mathematics, Caleutta University

(Received 12 April 1962 and in revised formy 15 December 1962)

The problem described by the title is investigated when the magnetic field is
uniform and parallel to the velocity on the two sides of a surface of discontinuity
of velocity in an electrically conducting inviscid fluid. The secular equation
depends on two parameters # and N, where £ is the ratio of magnetic Reynolds
number to dimensionless wave number and & is the ratio of the magnetic to the
kinetic energy of the fluid. 1t is found that the flow is unstable for all values
of fand N.

1. Introduction

The instability of the common surface in a uniform flow of two fluids known
as Helmbholtz flow is well known. Acecording to recent investigations a magnetic
ficld has been found to exercise a strong stabilizing influence in many nnstable
flows. Drazin (1960a) has found that a jet of single fluid with a parallel mag-
netic field is unstable at zero magnetic Reynolds number, however large the
magnetic fleld may be. In a later paper (19605) he has confirmed that the flow
in the two-fluid model is unstable to long-wave disturbances for all finite magnetic
Reynolds number.

Michael (1955) found the Helmholtz flow of perfectly conducting inviscid
fluid in a parallel magnetic field to be stable or unstable according as N > or
< 1, where N is the ratio of the magnetic to the kinetic energy of the fluid.
Drazin refers to an unpublished report and to an unpublished paper of I. C. T.
Nisbet on the stability of Helmholtz flow of inviscid fluids with finite conductivity
in a parallel magnetic field which as far as the author knows has not yet appeared
in print. The author has for some time been engaged in the study of the stability
of Helmholtz flow under different conditions and the present paper sets forth
some of his results on the stability of Helmholtz flow in two incompressible
inviscid clectrically conducting fluids with a uniform magnetic field parallel
to the flow, the velocities of the flow being equal and opposite. The boundary
conditions considered in this paper are somewhat more extended than those
taken into account by Michael, but are similar to those of Drazin (19605).
The stability conditions are quite complex. A simple differentiation of these
conditions is possible through a parameter § = B, /o, where R, is the magnetic
Reynolds number and «, a quantity which may be called a dimensionless
wave number. For instance we can distinguish between three cases:

(i) /# — oo, when the flow is found to be unstable for all N. This contradicts
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Michael’s result when E;; = c0. The reason for this discrepancy is probably due
to the fact that the boundary conditions used in this paper and the order of the
differential equation are different from those of Michael.

(ii) # = 0, when it has been found that the motion is also unstable.

(iii) 0 < S < oo, when the motion is also found to be unstable for all N.
Further it has been found that the flow is unstable however large the magnetic
field may be. An exception to the rule of stabilizing influence of magnetic fields
is therefore confirmed in this paper.

2. Formulation of the problem and the equation of hydromagnetic
stability
We take axes Oxyz such that Oz is parallel to the velocity and field vectors
at the interface and Oy is perpendicular to the interface, Oz being perpendicular
to Ox and Oy on the interface. With reference to these axes the velocity and
magnetic fields are given by
(U, 0,0) for y <0,
B {(—U, 0,0) for y >0,
H=(H,0,0) for y<0 and y> 0.
We shall consider the stability of the equilibrium of the interface to small two-
dimensional disturbances in the (x, y)-plane. Following the usual methods of
hydrodynamic stability, we shall substitute
{(U+uo, v, 0) for y <0
u; =
‘ (=U+uy,vq,0) for y>0f
(Hy+hy, by, 0) for <0
and = {
(Hy+hq,ky, 0) for y >0

(2=1,2,3),

into the hydromagnetic equations for a homogeneous incompressible inviseid
fluid of density p, magnetic permeability x, electrical conductivity o and mag-
netic diffusivity A = 1/4muo, which are given by

du,; ou;  u °Hy, w0 >
B Y, dmp M ow, = am, G L3 =b
oH, oH, ou;
iyt H = 2H., (i=1,2,: 2.2
ot ”Jax]. H ox; AVEH; + % 3). (2.2)
ou;[ox; = 0, (2.3)
oH,jox; = 0, (2.4)
1 JH?
where w = P (ZH’?{)

and p is the hydrodynamic pressure. The equilibrium of the interface in the
undisturbed state is maintained by the continuity of total pressure (i.e. stress)
across the surface, i.e. if w, is the value of w in the undisturbed state, then @,
is continuous across the interface. In a small disturbance of the above type let



Instability of a velccity discontinuity in a magnetic field 189

the disturbed @ be wy+ w, for ¥y < 0, and w,+ w, for y > 0. Then we shall linear-
ize equations (2.1)—(2.4) by neglecting the squares and products of small quantities
and write equations for y < 0 as follows:

Oug ., 0uy puH Ok 2w, .
a V% ampar = (25)
aro+l ov, uH,0ok, _ Oy
ot ox  47p ox oy’
ok,

Oy

o H U —Hy ot = AV, (2.7)
%?+1122 I%%%::AV%b (2.8)
@@+%%:Q (2.9)
%‘2’*%% 0. (2.10)

The continuity equation (2.9) and equation (2.10) suggest that there exist func-
tions r(x, v, t), x(z,y,t) such that

Uy = —OY[0y, v, = 0ylox, (2.11)
hy = —0x[0y, &, = cx/ox. (2.12)

We shall now consider a disturbance of the type
Y= Py) b,y = O(y) e, wy = S(y) el (2.13)

where ¢ = ¢, +ic; is a complex wave velocity and a a positive wave number. If
ultimately c; is found to be negative or zero the motion is stable, and for ¢; > 0
the motion in unstable. With the help of (2.13), (2.11) and (2.12) equations (2.5)-

(2.8) become (U =c) ¢’ — (uH,|4mp) 0’ = 8, (2.14)
(U —c)p— (uHy/amp) 6 = 8’ |a?, (2.15)

(U —c)d' — Hy¢'] = M0" —a20"), (2.16)

(U —c)0— Hyp] = A(0" —a?0), (2.17)

where accents denote differentiation with respect to y. Kquation (2.16) is not
independent as it can be deduced from (2.17) only by a single differentiation
and so we drop it. Eliminating § between (2.14) and (2.15) we have

(U =) (D*—a2) § = (uHy/4mp) (D> —a2) . (2.18)
From (2.17) to(U —¢)0 — A(D? —a?) 0 = waH, ¢, (2.19)
where D = d/dy. (2.20)

Eliminating ¢ between (2.18) and (2.19) we have

ropHE

0= I:/I(Dz—dz)‘i”—p(? )

— (U — c)]( 2 —a?)0

(D) [A(D — )+ i {”H%;{;]’—’L{ﬁf} 0]. (2.21)
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3. Boundary conditions
The conditions which must be satisfied on the common surface are

(i) the total pressure, p+ uH?/8m, must be continuous, i.e. § is continuous

at the interface;

(ii) the normal veloeity on each side must be equal to the normal velocity of

the interface;

(iti) the Maxwell equation V.H = 0 implies that the normal component of

the magnetic field must be continuous;

(iv) the tangential component of the magnetic field must be continuous as

the interface is not a current sheet.

Let y = 9(z,t) be the displacement of the interface at time ¢ after the disturbance.
We shall assume 7 to be small such that we can neglect (dn/ox)%. The conditiou

(1} implies that across the interface y = 5(x,1)
(U-—c)¢'— (jHy/4mp) 6'] is continuous.
The condition (ii) implies that ony = %(z, t)
vo— U0y[0x = v, + Uoy[ox = oyfot,
ie. vo— Ulay = vy + Utan = —iocy,
since 5(x, t) oc el@r—b Hence we have
(Utcypg= —(U—c)vy on ¥y = p(x.1).
The condition (iii) implies that on y = #(x,{)
ko— Hy(@p/ox) =y — Hy(@p/ox),
or ko = ky.
Hence we can say that
O(y) 1is continuous on y = n(x,t).
The condition (iv) implies that, on
y=7(x,t), hy="0,
or we can say that ¢/’ is continuous on
y = n(x,1).
The disturbance must be bounded at infinity. This implies
jg/ -4+ for >0 solution,}

0,0) -0 as
©.9) ly -0 for 7 <0 solution.

4. Solution of the problem
The solution of the differential equation (2.21) is given by
0 = 0;+0,,
where 6, and 6, satisfy the following differential equations

. . [pHE—4mp(U —c)?
D2V, = 0 2_2)0, i My S S
( a?) 0, , AD oc)ﬁu—Ha{ amo(U —0) }BH 0,

(3.1)

—
S
1]

-~

(3.3)

(3.4)

(4.1)
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of which the solutions are
O, = Aye¥ + Bye*¥; O, = A My Be~tm=iny (m > 0), (4.3)

. iny? = g2 iy M 4P (U —c)?
where (m—im)? = 2 —ix ampA(U —0) (m > 0), (4.4)

A= 1/dmuc. (£.5)

The boundary condition (3.5) for the y < 0 solution suggests that B, = B; = 0.
Hence the solution for 6 becomes

0 =0,4+05=Ayjex¥ 4+ A =0y (m > 0). (4.6)

From (2.19) after making use of (4.4) and (4.6) we have

—c) My Ajem=y (m > 0), (+.7)

| e“’+ (U —0)

(/5_,

The corresponding values of ¢ and ¢ for y > 0 which can be obtained from those
of 8 and ¢ for y < 0 (i.e. from (4.4) to (4.7)) simply by replacing U by — U are

given by O = Aye*v+ Aje~ =iy (' > 0), (4.8)
(U‘+ €) 4 /“I] ! ol —in Yy ! ¢

— - n'—in ) 0

o= “H Aje (0 C)Ale (m' > 0), (4.9)

0 — )2 = 2 '“H_z, 4y (U c) ! 4.10

where (m —an’) a4+ 4 p/\(U o) (m" > 0). (4.10)

Since |4y, |4,], 45|, |A7] are small, we can replace e+, gbn—iny e~m'—inly hy 1,

This means that when we determine the unknown constants 4,, A, Al, Al
by using the boundary conditions at the interface y = 5 we take the boundary
conditions (3.1)-(3.4) at ¥ = 0 (i.e. at the undisturbed position of the interface)
instead of at y = %(x,t). Therefore the boundary conditions (3.1)-(3.4) at
y = 0 give the following relations between the unknown constants 4,, 4,, 4;,

Az
py (U —c) rH, <"+6>1 /
[477/) H, Ao = dnp~  H, 4y, (4.11)
(U—-c) 12: B (U+te) ,, yHy
(U+C)[“T{07A +47TP(U )A = (U= H, Ao+ 47rp U—H;
(4.12)
Ao+ A, = Ag+ Ay, (4.13)

Aja+ A, (m—in) = — Aja— Ay(m' —in'). (4.14)

For a non-trivial solution to exist we have on eliminating the constants A4,,
A,, Ay, A from (4.11) to (4.14)

2
il alU?%c? = ('MH ~U2— )
470 4mp

2

x [(U—c)‘z(m—in){‘%%’—(U#—G)Z}—i—(U—i-c) (m'—in ){45 —

|4mp

S
e
—_
<
|
i)
<
o
2
—
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We shall now introduce dimensionless quantities «, ¢;, By, N and S defined by
o, = al, ¢, =c/U, Ry = UlA, N = pH2[(47pU?), f = Ry ja,, (4.16)

where [ is a characteristic length. In terms of these dimensionless parameters
the secular equation (4.15) becomes

8Nt = (N —1—c3) [(1+¢,)? (N — (1 —cy)2} (a/ — b))
+(1=¢)2{N — (L +¢))2 (a—3b)],  (4.17)

or equivalently
_ ) 2(1+c2 1,,6’ 14+¢) 28(1—cy)
0= W-ll-afHN —(1+a) [N'fl":E%Jr i a;zb+11]
where (4.17)
a—ib=(m—in)ja= +[1={p/(L—cHN—(1—c))?]F  (a > 0), 418
W —ib = (m' —in) o = & [14+{BJ(L+e)} (N — (L+e)3t (o > 0>.} 19

The signs before the square roots in the expression for a — ¢ and a’ — b’ will be
taken in such a way that @ and a’ become positive. Before considering the general
case we shall first of all study three particular cases namely (i) when f —- oo,
(it) when N — oo and (iti) when £ = 0.

Case (i) when f — o

(@) For finite N. In this case (4.18) and (4.17) respectively take the following
forms:

a—1ib = +[1_/)) {(1—¢y)? N}r= il}l*—i#c] (1—¢y)? ] pE = (d—1e) B3,
a’ —1b" = +[ {N (1+cl)2}r = + [l—i—c—{N (1+¢) ] pt = (d' —ie) gt
1

(4.19)
withd > 0,d" > 0; and

0= (N=1—eD)[(1+e)2{N — (1 =)} (&' —ie') + (1 = )* {N — (1 +¢,)%} (d —1¢)]

= (N=1-e){N—(1+e)B{N-(1 }[“H.CI '—((—ll-_——z‘;l)] (4.20)
which can be obtained directly from (4.17a). The factor
(N =1 =) (N — (L4 (N — (1~}
when equated to zero gives sixroots for ¢, i.e.
= + (N +1), +(N-1), (4.21)
which can be arranged as follows
;= +(N¥+1), +(N-1)} for N
¢, = +(N{+1), +i(l-N)} for N
To find out the roots of

{11 +e0)/(d —ie"); = {i(1 —c,)/(d —re)} = O

//\ \V
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for ¢, we write it in the form

(1 —c)/(d—1e) = (L+e¢)/(d' —ie’) (4.21b)
and square both sides to give
(L=eP[N—=(1+¢;)*] = (L+ ¢, [(1—¢y)*— N]. (4.22)

The roots of this equation are
¢y = +[1+3N + (FN2+4N)H]3,
which can be expressed in the following way
;= +[1+3N+(EN2+4N) I for N <, =, > 1;
¢y = +[1+3N—(@N24+4aN)E for N <1 (4.22a)
= +i[@N2+4N)} -1 -3NJF for N > 1.
Of the four roots given by (4.22a) the roots which satisfy equation (4.210)
in such a way that d and d’ become positive are given by (verified by giving
numerical values to N, namely N = 0-1, 0-2, 0:5, 1, 2, 4, 6)
¢ = +[1+3N—(@N24+4N)]E for N < l,} (4.23)
¢y = +i[@N2+ 4N} —1-3NJ for N > L ’
(b) When N ts not finite but comparable with ff as f — oo. In this case equation
(4.17) is modified as follows

0 = (1—c, )2 (f—ig)+ (14, (f' —ig), (4.24)
where f—ig = +[—iv/(1—c)]}, [ =i = +[iy/(1+¢)]3 (4.240)

with f > 0, f" > 0, and
v =fiIN = 4nulUc/aN. (4.25)

Removing the square roots which occur in f—ig and f' —ig’ of (4.24) by squaring
we obtain the equation 1+ 3c? = 0 of which the roots for ¢, are

¢, = /3. (4.26)
Of the two roots given by (4.26), satisfving conditions /> 0, f' > 0, only one
root satisfies equation (4.24) and is given by

ey = +1/4/3. (4.27)

Case (i¢) when N — oo

In this case equation (4.17) reduces to (4.24) where y occurring in f — ig and ' —i¢g’
is to be replaced by £ and as before ¢; = +1/,/3 will satisfy the modified secular
equation with f > 0, f' > 0 (after replacing v by /).

Case (1it) when f = 0

In this case @ —2b = 1 = a’ — b’ and equation (4.17) becomes

0= (14+e}){N—(1—c)?H{N — (1 +¢)?}, (4.28)
which gives ¢, = +(N¥+1), 44, (4.29)
This corresponds to the classical solution when there is no magnetic field (i.e.

Ry = N =0).
13 Fluid Mech. 16
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General case

The roots of the secular equation (4.17a) will be determined by the following
equations (N—(1—¢)B{N—(14¢)% =0 (4.30)

. 2(1 +¢2) iPl+e,) ifl—cy) B
and S P R T (4:31)
The roots of equation (4.30) are given by ¢; = + (N* + 1). We shall study equa-
tion (4.31) and see how far it is possible to discuss the behaviour of its roots with-
out laborious numerical calculation. Removing the square roots which oceur in
a—1b and o’ —1b’ given by (4.18) by repeated squaring and putting ¢, = ix,
we get an algebraic equation of 16th degree for « with real coefficients containing
N and £ as parameters,

BN — 1 +a2)4 {244 (3N 4 2) 22 — (N — 1)2
+8ONx(N —1+ 222 [ - N2(322— 1) (1 —22) + (1 — a2+ 2N (1 +22)2 (222 — 1)]
— 64Nt — 16 N222(1 +22)2 (N — 1 +22)2] = 0 (4.32)

(when £ — oo for finite and infinite N as we have considered in case (i), equation
(4.32) reduces to (4.22), 22— (1—N) = 0 and the equation 3z2—1 = 0, respec-
tively). Equation (4.32) is a quadratic in £ whose roots are given by

4Nx
- . L T _ {8 B4 (A2 W A
B = (N4 @R[ TGN 4+ 2)a2 s (N1l — 4N+ BN+ 6N = 2)a

—4NZ22 4 (N — 1)} + 20(1 +a2) {(1 +2a2) (— 28 — (2N — 1) 2t

+(BN2+ 1) 22— (N —1)2)}4]
= f(x,N), say. (4.33)

(The eigen values ¢, = + (Nt +1) correspond to null eigen vectors. This was
pointed out by Prof. S. Chandrasekhar.)
(i) N > 1. In this case the curve f = f(x,N) in the (z, f)-plane has a cusp at

[t = (32 +4N) — 1~ 4V}, co].

The curve § = f(x,2) has been drawn in figure 1. For other values of N the
corresponding curves are similar in nature to that for ¥ = 2. Hence from the
nature of the curve £ = f(x, 2) we can say that equation (4.32) for x has two real
roots beyond a particular value of §, say f,, and has four real roots for 0 < g < fS,,.
Further it can be proved that equation (4.32) has no purely imaginary root.
Hence the remaining roots of equation (4.32) are complex. Of the real roots
only one root, which lies in the closed interval #, < « < 1 with the corresponding
/. satisfies equation (4.31) with @ > 0, @’ > 0. This result has been verified for
N =2,

(iiy N = 1. In this case the curve § = f(x, 1) in the (z, #)-plane having a cusp
at (0, o) has been drawn in figure 1. From the figure we see that in this case
the equation for x has two real roots (one positive and one negative) for any
particular value of £ and it has been found that both the roots, which lie in the
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closed interval —1:2496 < x < 1, with the corresponding A satisfy equation
(4.31) with @ > 0, @’ > 0. The remaining roots are all complex.

(iify N < 1. In this case the curve § = f(z, N) in the (z, #)-plane has two cusps
at (+(1—N)}, o0). The curve § = f(z, 1) has been drawn in figure 1. For other
values of N the corresponding curves are similar in nature to that of N = 1.
From the nature of the curve § = f(x, ) we can say that equation (4.32) for

-14 —-12 —10 —-08 —06 —04 —-02 0 02

Ficure 1

has four real roots (two positive and two negative) for a particular finite value
of . The remaining roots are all complex. For a particular value of £ only two
real roots (one positive and one negative) which are obtained from the part
of the curve f = f(x, N) passing through the points (+ 1, 0) and (+ (1 —N)}, )
satisfy equation (4.31) with the conditions @ > 0, a’ > 0.

5. Conclusion

In this section we summarize the results obtained by us in §4. As stated
before, the dimensionless complex wave velocity ¢; = ¢,, +1¢,; determined by
the secular equation (4.17) or (4.17a) containing # and N as parameters will
give us information regarding stability. If ¢,; is zero or negative the motion will
be stable, otherwise (i.e. if ¢,; is positive) the motion will be unstable. We have
the following cases:

(@) p — oo, then (i) for all finite N (the ratio of magnetic to kinetic energy of
the fluid), (4.21a) and (4.23) show that the motion in unstable, (ii) when N be-
comes infinite of the order of g, (4.27) shows that the motion is also unstable.
/S may tend to infinity either by E,; > «o keeping «, fixed, or by a, — 0, By,
remaining fixed. The former case (o = o0) was considered by Michael whose
result has been stated in the Introduction. In this case we conclude that our
results contradict Michael’s results for N > 1. The latter case (i.e. B;; remaining
fixed, a, — 0) corresponds to long-wave disturbances.

() p=0,ie. when R,, =0 (o0 = 0), then (4.29) shows that the motion is
always unstable.

(¢) 0 < 2 < oo, the motion is always unstable for all N.

13-2
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(d) N -> o0, then from the result obtained in case (ii) we conclude that the
motion is unstable for all 8. Hence we can say that the Helmholtz flow is also
unstable however large the magnetic field may be.

The author wishes to thank Prof. N. R. Sen and Dr T. C. Roy for the benefit of
discussion with them. The author also wishes to thank Dr P. (t. Drazin for his

helpful criticism of this paper.
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